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•Free energy based analysis
•Additional remarks A bit of history on the Einstein Universe
• In 1917 Einstein proposed that the Universe could be, on the overall, a three-dimensional sphere with no other evolution than that provided by local physics. He arrived to this proposal based on two main ideas:
1. There should not be inertia relative to space.
The relative velocities of the stars are very small
in comparison with the speed of light.
To make this sort of equilibrium state for the Universe compatible with his geometrical field equations, he introduced the afterward famous cosmological constant Λ.
• The troubles with this model began this same year, when de Sitter showed that starting with a cosmological constant one can construct a nontrivial cosmological model with no matter whatsoever.
• Weyl in 1923 and Eddington in 1924 pointed out that the already observed redshift of spiral nebulae could be accommodated in de Sitter's model.
• In 1930, Eddington proved that Einstein's static Universe was unstable under homogeneous and isotropic departures from the equilibrium state. The Einstein model started to be considered as a possible initial state for the Universe that once destabilized would start to expand.
• Nowadays we know that the instability of models of the Universe that are closed, and homogeneous, isotropic and static on the overall, is a subtle issue: Eddington's instability analysis Let us consider a metric
where N is the lapse, a(t) the scale factor and Ω ij the metric on the unit three sphere.
The total gravitational-matter action can be written as
For our particular metric ansatz it reduces to
The specific form of p(N ) depends on the matter equation of state p = p(ρ) through the condition
For example, for radiation ρ = 3p the previous condition yields p = CN −4 .
By looking at the previous action and having in mind that we are interested on the analysis of the static solutions of the system, we can define a different and simpler functional containing all the relevant information:
a 2 − Λ +p(N ) . We will denote byp= 8πGp andρ= 8πGρ, rescaled energy density and pressure.
We can easily see that by varying L st with respect to N and a and setting N = 1 afterwards we obtain (Λ +ρ)a 2 = 3 (Λ −p)a 2 = 1.
In the case of a Universe filled with radiation,ρ = 3p, these relations give us the radiation Einstein conditionsρ
By looking at the functional L st , (setting N = 1), one can also see that the Einstein point is not stable. Taking into account that the kinetic term for the scale factor enters the gravitational action with a negative sign, the local maxima of the functional L st will correspond to unstable points. This is just the case for the Einstein point (one can perform explicitly the second variation with respect to a to check this local behaviour). This is essentially Eddington's instability.
Emergent gravity
• General relativity is commonly considered to be a low-energy effective theory that emerges from a deeper underlying structure. A particular realization of this situation is suggested by the gravitational features showing up in many condensed matter system (such as liquid Helium) in the lowenergy corner. These type of systems suggest that both, matter particles and interaction fields, could be different emergent features of the underlying system: They will correspond to quasiparticles and collective-field excitations of a multi-particle quantum system. For example, in the phase A of 3 He, the quasiparticles correspond to Weyl fermions and the collective fields to electromagnetic and gravitational (geometrical) fields.
• Imagine now that a Universe of the Einstein type was the effective result of describing the geometric and matter-like degrees of freedom emerging from the underlying structure. A photons-filled Einstein Universe will have a specific temperature. In the standard general relativity, the stability of the system is analyzed under the assumption of adiabaticity: There is no heat transfer in or out the Universe because there is no "outside the Universe".
• However, in the emergent picture described above there is not any a priory reason to consider the system as effectively closed (let us remark that this is a non standard general relativistic behaviour). Therefore, it is natural to ask what would happen when perturbing the Einstein state if the temperature of the underlying structure stays constant. We will not enter on what sets and controls this temperature, but only assume that it is independent from the behaviour of the effective Universe.
Free-energy-based analysis
Let us now take a completely different point of view. Let us analyze what happen when the perturbation to the Einstein model is performed as immersed in a thermal reservoir at a fixed temperature. For that let us consider the free energy of static gravitational configurations. The free energy of the purely gravitational part of a static configuration is determined by the Euclidean action of the configuration:
Here, the symbols R e and g e stand respectively for the Euclidean curvature and Euclidean metric of the configuration. We are assuming that a proper Einstein-Hilbert behaviour is emerging in the lowenergy corner. Let us remain you that this is not what normally happen in the standard condensed matter systems we know of. In these cases the Einstein-Hilbert behaviour is supplemented with noncovariant terms.
Let us now consider the free energy of a gas of photons (radiation) inside a curved but static geometry. The leading term in the temperature on the free energy function is
where σ ≡ π 2 k 4 B /15 3 c 2 is the Stefan-Boltzmann constant, and
the Tolman temperature; (we will see later that there are other contributions to the free energy in lower powers of the temperature). For the particular geometries we are interested in here, the total free energy can be written as
From this free energy, associated with a static geometry filled with radiation at a temperature T 0 ,
we can obtain the Einstein static condition. It corresponds to the one that extremises the function F . Variation with respect to N with an afterwards evaluation in N = 1 gives (Λ + 3p)a 2 = (Λ +ρ)a 2 = 3.
Variation with respect to a yields
Therefore we have found the same expressions that before: The conditions for a static Einstein Universe filled with radiation.
By inspection of the free energy function we can see that now the Einstein static point is located at a local minimum. This is the main point we want to highlight in this work.
If the perturbation of the radiation filled Einstein Universe were done under the influence of an externally fixed temperature, (something outside the realm of standard general relativity) then, the Einstein point would be stable.
Intuitive explanation
It is not difficult to understand why this is the case. The Eddington instability of the Einstein state is based on the following fact. The contractive tendency of matter operates strongly in short scales. Instead, the expansive tendency of the cosmological constant operates strongly in large scales. In the Einstein point these two tendencies are exactly balanced. However, if the universe is suddenly made larger, the cosmological constant effect takes over and expand further the Universe. Reciprocally, if the Universe is made smaller the matter dominates and makes the Universe to further contract. However, in the case analyzed here, a sudden expansion of the Universe will be accompanied by the introduction of more photons in the system in order to keep the temperature constant in the now larger volume. This increase on the amount of matter completely counterbalance the cosmological constant tendency making the Universe to contract back to its initial state.
Curvature corrections
The free energy does contain additional contributions in smaller powers of the temperature. In the high-temperature limit T 2 2 R e , the total free energy for a gas of photons in a static spacetime is [11, 13 ]
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, and ω µ = 1 2 ∂ µ ln |g 00 (r)|.
In our particular case, this free energy yields .
Consistency check
Consider the following self consistent procedure:
Calculate first ψ T |T µν |ψ T on an 3-sphere of arbitrary radius a.
Then plug-in the result in the Einstein equations R µν − 1 2 Rg µν + Λg µν = ψ T |T µν |ψ T , for metrics of the type ds 2 = −dt 2 + a 2 dΩ 2 3 .
From here we can find the radius of the Universe as a function of the temperature. The result found is the same that we have found by varying the freeenergy.
